Quantum Physics 1 - Homework 7
Due on Monday (Oct 24th) at 11:59 AM

Grade | Points
1 0-25
4 3-5
7 55-7.5
10 8-9.5

la) [Ipt.] Show that the operators A and B commute if the matrices A and B representing them have
the same eigenvectors, and these eigenvectors span the vector space.

Let’s call the eigenvalues of our matrices a and b, such that

and

where v is an eigenvector of the two matrices. If we apply the matrices successively we get
BAv = bav. (3)

Since ba = ab we can rewrite this to

BAv = abv. (4)

This is only true when BA = AB, if this holds for every eigenvector this gives us that (hence the
question states that all eigenvectors are the same, not just one)

[21, B} = AB - BA=0. (5)

b) [0.5pt.] What does your result in a) tell you about the value of the commutator [5’2, S”z} ?

eq 4.142 and 4.144 tell us that the matrices representing the operators have the same eigenspinors,
so they commute,

[S{ S] —0. (6)
c) [Ipt.] What is the trace of the Pauli matrices? And how does it relate to their eigenvalues?

tr(oy) = tr(o,) = tr(c.) =0 = Z by (7)

The trace of the matrices and sum of the eigenvalues is zero, this also holds for a spin 3/2 particle
as you can see in ¢2bc.



2a) [0.5pt.] What are the possible states |sm) for a particle with s = 3/27
3 3 3 1 31 33
'Sm>—‘§—§>’ §—§>7’§§>’ §§> ®)

b) [1pt.] Use the results of exercise 4.53 (2nd edition) or 4.62 (3rd edition) to construct the matrices
representing S, and S, for a particle with s = 3/2.

3/2 0 0 0
B 0 1/2 0 0
S:=h 0 0 -1/2 0 (9)
0 0 0 —3/2
30 0 0
R0 1 0 0
SZ_§ 00 -1 0 (10)
00 0 -3
0O b, 0 0
h{b, 0 b,y O
=2 0 b 0 b "
0 0 b,y 0
s =3/2,80 b; = /(3/2+j)(5/2 — j).
b, = V3
by 1 =2
b5—2:\/§
0 v3 0 0
A3 0 2 0
S""‘_i 0 2 0 3 (12)
0 0 V3 0

c) [1.5pt.] What are the eigenvalues of the matrix S, you constructed in the previous question? If
you didn’t get an answer in b) you can use S, instead:



To find the eigenvalues A we will use the characteristic equation:

det (S; —A[) =0 (14)
)\ B
2 -A h 0 V3ho om0
VBh o _ Bl 2
A [ I SR E R (15)
0 ho —A Tsh V3h 2 ’
0 ¥ - 0 ¥Bho oy
0 0 ¥ 2 :
—\ b hoBh o 3R2 X V3| \BR%|) Yoh
=\ 2 |+ \h 2 | — 2 |4+ = 2 16
v T SN T e T T o 2 (16)
322 3R2A% 9nt 5R2A? 9nt
4 242 4
= — — — —_— = — - = 1
A 1 R\ 1T 16 A 5 + 16 0 (17)
By substituting # = A\? we can use the quadratic equation to find: \; = 375, Ay = g, A3 = —g and
A=~
For S, the same process can be used to obtain
D N ()
Bh N - 5hA2 OR!
O 0 P L L i (18)
0 A 2 16

0 0 )

By again substituting z = A? we find that Ay = 2, Ay =2, A\ = —L and A\, = -2

d) [0.5pt.] Explain qualitatively why the eigenvalues of S,, S, and S, have to be the same.

The matrices S;, S, and S, all describe a spin 3/2 particle and the coordinate axes are chosen
arbitrarily, meaning there is no preferred direction. So it wouldn’t make any sense for matrices to
have different eigenvalues.

e) [2pt.] Find the normalised eigenspinors of S, you can use S, if you didn’t find an answer in b).

h
\/%h ‘g—?’ ! ! ! \/Ehf%b
0 h 0 %= c hb+7d
V3h d V3h
0 0 40 L
N
V/3h
P I I i (20)
c hb+7d
d V.
2

We will normalise the eigenspinor later anyway, so let’s pick a = 1 and solve the equation for the
eigenvalues we found in c), starting with A\; = 3—25:

3



Now for \y = 5

For )\3 = _g

5 2
b=13
3v3h 3k
SVOl _ VO g
2 2 *
c=1+3
3h . \3h
d=1
1
N V£
TV
1
1
oo 1|3
L2v2 | VB
1
h_ V3h,
2 2
1
b__
V3
ho V3h
=" 1 he
23 2
_ =21
23 V3
hd _V/3h 1
2 2 3
d=—1
1
V6| =
0227 _\/i
\/§
—1
_h_ V3R,
2 2
1
b= ——
V3
h
_:@—i—hc
2/3 2

(22)

(23)



C—___
2v3 2 V3
hd V3R 1
2 2 3
d=1
1
1
V6|7
3 — 4 1
V3
1
For \y = 3h
b=—V3
3\/§h V/3h
+ hc
22
c=3
3h 3h
~Sd= Vil g
2
d=—1
1
by = V3
T o2 | V3
~1
For S, the process is very similar, you should get
0 —i¥h g 0 "
B0 —in 0 b|
0o ik 0 —i¥h||e
3 d
0 0 2 0
a —i ¥
A\ bl ff — the
" ihb — iY3hq
i)\

(24)
(25)
\[hb
‘fﬁ —ihe
mb iY3hq (26)
i@c
(27)

Picking a = 1 again, starting with A; (I have left % out, since it’s a constant factor that everything

is multiplied by):

3 V3
e A A
2 2
b=1iv3
i3v3 V3.
=1— —1C
2 2



3
Sd=i-V3
d=1
1
) 1 ]iV3
_ 28
(%1 2\/5 \/g ()

?

Remember to take the complex conjugate when calculating the length of the vector in order to

normalise it. For \y = g

1 V3
- =X
2
i
b= —
V3
i V3
— =1l —C
2V3 2
1
C = ——
V3
1. V3
—d =1
2 2V/3
d=i
1
. 6| 7=
02:§ % (29)
V3
i
FOI')\gZ—g
1
1 VB,
2
i
h= ——
V3
7 Z\/g .
— = — —1c
2v3 2
L1
V3
d_ V31
2 2.3
d= —i



V3 = 1 (30)
V3
—1
For \y = —3—;:
3
B V3,
2 2

1
1 | =iv3

1
f) [1.5pt.] The |22) state can be decomposed into the eigenspinors of S, (or S,) using

3 3 x X x x
b§>=qﬁ)+@ﬁ)+%ﬁ)+QQ% (32)
where ng) are the eigenspinors of S, for the eigenvalues \,,. What are the constants ¢,? Check if
> Jen|?> = 1. If you didn’t get an answer in ) you can use:

1 1 1 1
\/5 L 1 _\/§
X1 = V2 X2 = _@ X3 = _\f X4 = V2 | (33)
1 i i .

note that these spinors are not normalised.

-
0



Note that these are not technically the same thing, the vector is just a representation of the spin

state.
The |%% state is a linear combination of the eigenspinors of S, (or S,), so

= c1X1 + C2X2 + C3X3 + CaXa. (35)

o O O =

We can multiply by the vector representation of <%%’ to find the coefficients:

1
(1 0 0 0) 8 :ch(l 0 0 o)xn=1. (36)
0

So
cn:(l 0 0 0) Yo, (37)

1

01—2\/§

oy VO
1

Cg—@
1
1

Cy

T 22
The solution for the eigenspinors of S, is the same, since the first component of the eigenspinors
is the same as those of S,. For the eigenspinors given in the question the normalisation constants

are
1

V6

for the 1st and 4th eigenspinors, and

sl

for the 2nd and 3rd eigenspinors.
Now we need to check that the sum of |¢,|? is 1. For S, and S,

Z'C"P:Q(%) +2<\/Té> :§+%:1 (38)

For the eigenspinors given in the question:

n

Z|cnl2:2<%)2+2(%>2:%+§:1 (39)
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Grade € {1,4,7,10}.



